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Abstract

We investigate the temperature anisotropy m highly-magnetized plasma within the framework of kinetic theory. We
explicitly  calculate the electronic distribution function for a magnetized plasma, taking into account electron-ion (e-1)
collisions. The basic equation in this investigation is the Fokker-Planck (F-P) equation, where some justified
approximations for fusion and astrophysical magnetized plasmas are used. By computing the second moment of this
distribution function, we have expressed the electron temperatures mn the parallel direction as well as in the plane
perpendicular  to the magnetic field. We show that the temperature is anisotropic and that this anisotropy is due to a
competition between the magnetic field and the collision effects. We also present the numerical results and interpret them
for tllustration. Our theoretical analysis 1s applicable in wave and instability studies in fusion and astrophysical plasma,
particularly in magnetized ertial fusion (MIF) scheme.
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velocity and the perpendicular velocity.
1. Introduction The aim of the present paper is to analyze  the

electron temperature anisotropy for magnetized plasma,

5 o a1 3 e . 1 . . . . . . . .
A magnetized plasma is one in which an ambient in the frame of the kinetic theory. This investigation

ag 1 1 s s o > sienifics ] & . . .
magnetic field is strong enough to significantly alter could have applications in several research axes, such as

particle trajectories. This kind of plasma is a good magnetic fusion experiments [7,8].

environment for different physical phenomena which The magnetized plasma appears at the microscopic
gnetiz s s at s

have  ntensively been studied in literature, namely, level as a set of charged particles of different species in

Alfvén wave [1,2], cyclotron instabilities [3], and magnetic thermal motion at different velocities, where each particle

field reconnection [4,5] . has a fast gyration motion around the magnetic field line

Magnetized  plasma, both in astrophysical medium at a perpendicular velocity v,, and a parallel motion not

or that created in laboratories, generally presents an affected by the magnetic field. The time dependent

anisotropy in temperature [6] which can be interpreted electron velocity can be written as:

in the microscopic way by an anisotropic distribution B(t) = By + B.(¢), where B,(t) is the time

function. varying perpendicular velocity which 1s proportional to

In the literature, this distribution function is usually

. eB .
exp(iwgt), where w., =— is the electron cyclotron
m

assumed to be a bi-Maxwellian distribution function: .

frequency and B is the applied magnetic field . Note

here that w,, is the same for all electrons in the plasma

2 2 T

fou (W, v,) = —41ex el ) oy (—MeL [9]. In order to compute the electronic distribution
M V), V1 T €Xp 27 p 21, )

TiT)2 function, we consider for the one particle kinetic theory

1 in 6D phase space: (7, 7). The Fokker Planck (F-P)

where me, n,, Ty, Ty, vy and v, are respectively equation is then the appropriate  equation for

the electron mass, the electronic density, the parallel describing these kinds of plasmas [10], where the

temperature, the perpendicular temperature, the parallel distribution depends on the three independent
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parameters: vy, v, and the time t.

In the present investigation, we consider that
the time evolution of the electron distribution function 1s
characterized by two time scales as was the case in our
previous works [11-15]: a short time scale relative to the

cyclotron motion of electrons around the magnetic field

lines, T, = (which  has typical values

ce
T,e~10"1 s

experiments, where wg~10" s71 )

for magnetic thermonuclear fusion

and a relatively
long hydrodynamic  time scale (7, > 7).

This paper 1s organized as follows: in section 2, we
present the basic equation used in  this investigation. In
section 3, the equation of the distribution function is
analytically  calculated ~ under  some  justified
approximations. In section 4, we compute the high
frequency distribution function. In section 5, we compute
the static distribution function. In section 6, we compute
the parallel temperature and the perpendicular one,
where the  anisotropy in temperature is explicitly
presented. Finally, in section 7, a conclusion is given for

the obtained results.

2. Basic equation

The basic equation in this investigation is the
Fokker-Planck ( F-P) equation. The F-P equation can be
presented for a homogeneous plasma, in the presence of

the Lorentz force due to a statistic magnetic field,

I?'L(t) = —e?(t) x B, taking into account the e-i

Coulomb collisions, following the Braginskii notation

[16,17] as follows:
of | FL of _ C
atmw= Cei (), @)

where f = f(¥,7,t) is the electrons distribution
function and C,;(f) represents the e-i operator. Note
here that the distribution function depends on the three
independent parameters (v, v, and t) and the Lorentz
force is a time dependent force.

Without loss of generality we consider the magnetic

field to be oriented in the x direction, B =BX, and the

electrons to oscillate in the (y,z) plane, where:

v (t) = v, (¢ — iy) exp(iw, t).With this geometry,
the Lorentz force 1s given by:

F, = —mowe,v, (§ +i2) exp(iwget).  (3)

This force 1s similar to that due to the presence of a

of

108

circularly-polarized laser wave in the plasma [11]. Taking
Eq. (3) into account, the F-P equation (Eq. 2) is written

das:

at vy,

(4)
‘We point out that this equation (Eq. 4) 1s similar to that

i) a , 0 .
_f — Wee V) (é + l_f) exp(lwce t) = Cei (f)

which characterizes a homogenous plasma in interaction
with a circularly polarized laser wave [11, 13]. Then we be
expecting an anisotropy in temperature due to the

presence of magnetic field.

3. Distribution function

The motion of individual charged particle in plasma,
i the presence of a static magnetic field, can be
decomposed nto a parallel motion not affected by the
magnetic field and a perpendicular gyration motion.

The gyration period time is typically very small
compared to the hydrodynamic evolution time of the
plasma. Then it is judicious to separate the time scales in
the F-P equation, (Eq. 4), by assuming that the distribution
function is the sum of oscillating distribution function and
a static one relative to evolution of hydrodynamic

parameters in the plasma. Hence, we write:

f=f,v,t)=fS(w,v,,t) +Real{ f* (7, 0)}
®)
A (@,t) = f (v, v, ) exp(iweet). (6)

The separation of time scales in the F-P equation,

(Eq. 4), using Eq. (), gives rise to a system of two coupled

equations: a fast time variation  equation which
re . . he spati al evoluti f h . 1 :

presents the spatiotemporal evolution o f and a
slow time variation equation representing the

spatiotemporal evolution of f*. Thus:

h s s
% — WV (% + L%) exp(iwe,t) =
Ce (FM), U]

This equation is obtained by regrouping the fast
time-varying terms, proportional to exp(iw.t), inEq.
4).

The equation of the static distribution function
is obtained by taking the average of Eq. (4) on the

2

cyclotron period, 7., = —

ce

, SO:
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afs Real(exp(iwgt)) X

-~ _ —C (fS

at Wee V) ( Real (zih + iafh> )‘rce - Cel(f )
y

v,
8)
Here the symbol (X), = Ti fOT“ Xdt stands for the

average value over the cyclotron period time.

4. High-frequency distribution function

Using expression (6), f" can be calculated

h
from equation (7), where ‘% = iwe f" , as a function
of f*.Thus:

. afs LOfS .
lwcefh — Cei (fh) = Wee V) <é + li) exp(iwgt).

()

The collision operator, C,;(f), 1s expressed in Landau

form of the F-P collision operator [18,19,20] as:
Cei (f) :%aivj(vjvk_vzajk)%; (10)
where A = %, Aei = ntZiOZTIZZA is the mean free path,
Voi = %;j and v, = m is the thermal velocity.

Note that we used Einstein’s notation in equation (10).
The (10)

spherical-harmonics like proper functions [21-23]. Then it

e collision  operator has  the

e . Uy
1s judicious to use the spherical system (v,u=-=,¢ =
v

arctg z—y) The right hand side of equation (9) is written

then as:

3 afs afs , .
Wee ((1 —u?)/2 (va% + uﬁ)) X exp(iwg,t + i) .
(11)
This shows that f* is proportional to exp(ig) and f*
1s independent of ¢. It 1s therefore practical to expand
5@ = f(u, v) in Legendre polynomials, P;(u):
S =Y PWf W), and to expand the function f* =
Yt (u, ),0f order (I, m = 1):
ft=
SIS 1 (e o) () = explio) 455 P GOF ),
where P!(u) is the associated Legendre polynomial of
order (I, m = 1). Considering these expansions, the high
frequency equation, (9), can be written as:

109

. A —
(1w +10+ D F) SR @) = -

s
l=DCP of
1=0"17,

1=00P £
1XiZo o fi

After some algebra using recurrence relations between

wee { (1 = u2)*2 (19)

Legendre  polynomials and associated Legendre
polynomials [21],we have explicitly calculated the flh as

functions of f;% 3, fi24, fi°, fi%1 and f;33, hence:

ofis afis
fl' = [6Ov=2+ GO =+

G (v L 1 G (v 4 Gy (D25 +Gs (DS
Gr(Dfis + Go(Dfissliexp (it +igp),

‘ ___oaen
where Gy 0= 21-5)(21-3)(21-1)’
G, (D) =

_ 1(1+1)
((21—1)(21+1)(21+3)

(13)

21-3)2I-1)I+1)-12(21-3)-(1-1)2(21+1)

(21-3)(21-1)2(21+1) ),
_ QUIHDI+3)1+5)-(1+2)? (21+1)—(1+1)? (21+45)
G (1) = (21+1)(2143)2(21+5) +
A+ G,(D) = — 1+3)(1+2)
@I+3)QI+DEI-1) N T QI+ @I+5)(21+3)
_ (1-3)(1-2)2 _
Gs(1) = 21-5)(21=-3)(21-1)’ Ge(D) =
_ QI+3)(I-DI[I-2)I+1)+(+1)(21-3)]+(-1)I2(21-3)(21-1)
(21-3)(21-1)2(21+1)(21+3) ’
G7(l) =

QI-DA+D)I+2)[1(214+5)—(1+3) QI+ 1D)]-(I+1)2(1+2) (21+3)(21+5)
(21-1)(21+1)(21+3)2(21+5)

1+3)2(1+4)
(21+3)(21+5)(21+7)"

and Gg(l) =
Note that in this equation, the highly-magnetized plasma

approximation (Wg > V,; ) 1s used.

5. Static distribution function

The second term in the left-hand side of the static
distribution function equation, Eq. (8), can be written
using spherical coordinates as:

w¢ (Real(v,, expifinc,t) X

ftwaet) | Af et _
Real( avy + v, ))Tce -
Dee (1 — 2y’ x
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_afhew | fRPew
F +(1—u2))' (14)

The equation of the static distribution function is then

afh )
(U v

given in the spherical coordinates by:

e (1 u?)”2
{v oftowy - offw fh(vm}
v ou (1-u?)
_A(D g2 -
v3 (au (1 H ) au ) (10)
We expand, as in the section 4, the f*(v,u) in

P(w) and the f*(v,p) inthe P}(u), hence:

ce af 3 3, op}
SRS A=) P = (=) S S+

(1 — V2P = SRISIA+ DR S

(16)
After some algebra using recurrence relations

between Legendre polynomials, P;(¢), and associated

Legendre polynomials, P}(u), this equation (16) is

written as follows:

‘Uce {G9 fl 1 + Gll(l) afl+1 +
af
G, (Dv—
Glg(l)f7_3 + G, (Df), + Gs(Df],,
A S
+G(Df1 5} =5 1A+ D) £ (W), (17)
where Gg(l) — __(=3)=2)-1l GlO (l) =

(21-5)(21-3)(21-1)

(I-DIA+DA+2)
l-1)(21+1)(214+3)

I-DI[I-D)(+1)Q2I=-3)+I(1-2)2I+1)+(21+1)(21-1)(21-3)]
(21-3)(21-1)2(21+1)

Gu() =
(=DIA+1)I+2)
QI+3)CI+DEI-)

I+ [+ U+ I+ ++2)I2145)+(21+5) (21+3) (21+1)]

(214+1)(21+3)2(21+5)
_ WD)+ ) o) GVl
G2 (D) = @1+7)21+5)(21+3) ’ G3(D = @I-5)@I-3)2l-1) ’
G (D) =

A-D21A+1)2(1+2)
2I1-1)(21+1)(21+3)

_ Ba-1)2(1-2) _
(21-3)(21-1)2

+D12a-1)3 _
21+1)(21-1)2

(-t
@l-1y
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Gis(D) =
A+23+1DA | A2+ 22 +DIEA-1)
(214+1)(2143)2 (2145)(21+3)2 (21-1)(21+1)(21+3)
(z+1)(1+2) nd Gyg (D) = _4+02(+3)4+2)2(1+1)

20+3 16 (21+3)(21+5) (21+7)

This equation coupled with the flh

formula, (Eq. 13),
allows us to determinate the different

fe @),

as  a

components,
of the static distribution function by knowing f5

boundary condition. The zeroth-order static

distribution function corresponds to the non-perturbed
(by the magnetic field) distribution function of electrons.

It can then be estimated by considering the

thermodynamic equilibrium as a Maxwell function. At this
order (zero), the high frequency function vanishes.
More interest is given to the second anisotropy, f5,

which is responsible for temperature anisotropy, so:

fro L v (36 0 96 Of 40 0
2 T 12 9,0 35 v 35 dv 77 v
960

Ffs _‘f1+ f3) (13)

where 9,;(v) is the velocity-dependent frequency
relative to electrons having a velocity v .
Neglecting higher-order components behind the
f¢ component, considering that f%, < f;*, this last
equation can be written as:

P =

Wee
X
129 ¢; (v)

(—0.06857v"—f°s +0.01904v = (
ov ov

v"’aﬁ)) (19)

6. Temperature anisotropy
By lLimiting the expansion of the distribution

function in Legendre polynomials to second order, the
parallel temperature T = m, vlf , where the symbol
stands for average value, 1s given by:

m, j vifd3v =

fow) + P fiv) +
e futvt O

sam, [vH{fo()}dv — Zmm, [ vH{f(v)}dv.
(20)

It is important to note that the high-frequency
to the

neTII =

}dvd/x =

distribution function does not contribute

temperature since its average over the cyclotron period
time vanishes [f*~expifiw.t)]. The zeroth order
distribution function corresponding to the plasma not
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being affected by the magnetic field 1s considered to be a

Maxwellian :
fow) = nieexpi;@— i) Consequently, the second
vt3(2n)3/2 ~ thz ’

anisotropic distribution function ( Eq. 19), can be written

as follow:

ff=—-2e e«
2 Vei v?(Zn)3/2

VS ]77 172 C
(0.011809 55— 0.0057 z) exp (- ﬁ) ©1)
Computing the integral in Eq. (20), the explicit

expression of T} is found to be:

Ty=T(1+a%2), (99)

Vei

where Vv,; 1s the e-1 collision frequency and a = 1.93 .

. 1—— . .
The perpendicular temperature, T, = Emevf, Is given

by:

n Ty =>m, [v3fd®s =m, [(1-p)v*(fy +

1
ufi +5 @u* = Dfy)dvdp

= gnme [vfodv — %nme [vf,dv.

(23)

In the case of the Maxwellian isotropic distribution
function, the T, is calculated explicitly from the above
equation to be:

a wce

— “ Wee C
T, =T(1+5 e ). (24)
The temperature anisotropy is then given by:
+qce
o _ Vei @5
A= Yei 5)
Ty 145,

ei

It is very clear that this anisotropy depends on the ratio of
the cyclotron frequency to the collision frequency. This
equation shows that the anisotropy tends to 1 for a high

“ . w
collision frequency (=
%

¢ &« 1) which is in agreement with
el

the 1D numerical simulation carried out by Takizuka et al.

[24], despite that Eq. (25) 1s limited to highly

magnetized plasma (jﬂ »>1).
ei

We have presented, on the Fig. 1, the anisotropy on the

distribution function.
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Figure 1. Anisotropic distribution function (arbitrary unit)
for different values of the magnetic field

This figure shows that the anisotropy is negative for low
velocities (v S 2v,) which corresponds to a hotter plasma
i the parallel direction. However in the high velocity
region (v Z 2v,) the anisotropic component of f is
positive and more important. This shows that the fast
electrons are in fact responsible for the anisotropy. We

present in Fig. 2 the temperature anisotropy as a function

of the parameter

Figure 2. Temperature anisotropy as a function of the rate
Wee
Vei
This shows that the anisotropy becomes important as the
applied magnetic field becomes intense, and this
anisotropy undergoes a saturation in the vicinity of the

value 2.

7. Conclusion

To investigate the temperature anisotropy in magnetized
plasma we have analytically calculated the distribution
function for a highly-magnetized plasma. Using this
distribution function, we have calculated the temperature
i the parallel and perpendicular directions. We have

shown that the temperature is anisotropic and that it 1s
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depend on the magnetic field and on the collision
frequency. The numerical calculus shows that the
anisotropic  distribution  function 1s  negative in
low-velocities region and positive in high-velocity region
over a larger band, where the maximum is more
important than the minimum. This shows that fast
particles are responsible for the temperature anisotropy.

In this study, we have limited the expansion of the
distribution function to  second order which is sufficient
for the study of some physical phenomena occurring in
magnetized plasma such as Weibel instability. The
plasma 1is hotter in the parallel direction which can be
mterpreted by the fact the plasma heating by momentum
transfer due to collision 1s more efficient in the parallel
direction. This analytical result could have applications
for several physical phenomena occurring in magnetized
plasma: the Weibel instability where the growth rate of

. - T .
mstability depends on TL and the Alfvén wave where

1
. . T . .
dispersion depends on TL As an extension to this work,
L
we will calculate the temperature anisotropy for a

relativistic magnetized plasma.
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