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Abstract 

Simulation of solidification processes has been of interest for a number of years not only because of its scientific value in 

understanding pattern formation in nature but also because of its importance in many technological applications. The 

classical Stefan problem is well accepted for modeling the solidification of pure materials and alloys. The two-dimensional 

model is based on the resolution of heat transfer equation, including the latent heat term. For solving this equation a finite 

volume method was used. The obtained model from solving the heat transfer equation has leadresults for the temperature 

changes over cooling time for Antimony-Lead and Lead-Tin alloys at various compositions. The obtained cooling curves 

were compared with the literature results, and they show a good agreement. 
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1. Introduction 

The formation of solids is still incompletely 

understood, although it has been the subject of much 

research, which focused on metals and alloys. These are 

the product of a process that is known as solidification. 

The modeling of solidification is mainly concentrated on 

the calculation of the evolution of the thermal field in 

castings.  

 The solidification process is induced by the progress 

of an interface between the liquid and the solid phase[1,2] 

Interfacial stability was first studied by Mullins and 

Sekerka in 1963 for diluted systems. After, other authors 

have extended this study. The liquid-solid interface can 

take different growth morphologies (flat, cell or dendritic) 

all depends on the solidification conditions [3-5]. 

The materials solidification, which involves essentially 

a rearrangement of atoms or molecules in the liquid state 

or solid state and which controls, in a large extent, the 

formation of microstructures [6] , is an exothermic 

transformation and the latent heat must be extracted from 

the system so that the liquid-solid transformation can 

proceed in the liquid phase [7] .  

This phase transformation involves two steps further, 

germination and growth [8-9].The first is the formation, 

within the liquid, of small clusters called nuclei, in 

particular sites, from which solidification can start. These 

germs can be stable or metastable depending on whether 

they attain the stability condition or not, homogeneous or 

heterogeneous depending on whether the metal was pure 

or it contain impurities (mold surface, foreign particles, ...) 

[10-13]. Conditions leading to germination are therefore of 

utmost importance in determining the characteristics of the 

molded microstructure [14]. 

Once the germs built, they will continue their growth, 

in the second step, which is characterized by the 

development of these germs in observable morphological 

features, at the expense of the liquid, by building what is 

called grain while preserving their orientation [15]. 

As the solidification can be described in terms of mass 

and heat transfer, we are interested, in this work, to the 

heat transfer by trying to model the solidification at any 

point of the room studied, using the Gulliver–Scheil solid-

fraction equation [16]. We will use these alloys: 

• Lead-Tin whose melting point is low and that it has 

better corrosion resistance [17]. 

• Lead-Antimony where the addition of antimony in 

lead creates alloys which have a very high resistance. 

These alloys retain a shinyappearance in the air for a 

larger time compared to smooth lead alloys [18]. 

In this paper, we have resolved the heat transfer equation 

including latent heat term, which allows obtaining results 

concerning the temperature changes over cooling time for 

Antimony-Lead and Lead-Tin alloys at each point in 

casting. We have used the finite volume method to solve 

the heat transfer equation, including the latent heat term, 

for both alloys Antimony-Lead and Lead-Tin, which make 

this work novel, unlike other previous works in this field of 

research. 
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2. Computational Methodology 

The heat transfer flow has importance in different 

engineering applications such as the solidification process 

and is described by the equation of heat diffusion[19], 

which, much research has focused on solving this 

equation, with or without a source term. 

 

Analytical solutions of this equation without source 

term have been proposed for some geometry [20]. Others 

have solved this equation with a source term like Li [21-25] 

In this case, the problem studied is to solve the heat 

diffusion equation, with a source term related to the 

release of latent heat, to obtain a good representation of 

the thermal field in a casting by assuming a single path of 

solidification using a mesh of 50 x 50 mm. 
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Where: 

T is the temperature, 𝑄 the source  term, L the 

latent heat, 𝑓𝑠  the solid fraction, 𝑇𝑓  the melting 

temperature, 𝑇𝑙𝑖𝑞  the liquidus temperature, 𝐾, 𝑐𝑝and 

𝜌 are respectively the thermal conductivity, specific 

heat and density. These can be described by the 

following formula as: 

 

  .1 pscsfplcsfpc                 (4) 

  .1 ssflsf       (5) 

  .1 sKsflKsfK      (6) 

The indices l and s refer to liquid and solid phases. 

The modeling is based on solving a set of equations in 

2D using the finite volume method for the discretization 

[26-28, 30-32], and using the method of Jacobi to solve the 

linear system obtained after discretization: 
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With 𝑎𝑒 ,𝑎𝑤 , 𝑎𝑛 , 𝑎𝑠are the coefficients referring to 

nodes of the mesh, 𝑎𝑝0
is function of 𝑐𝑝pand 𝜌, 𝑎𝑝 is 

function of these coefficients. 

After including the following boundary conditions, 

wrote a program in Fortran 6.6 whose steps are 

summarized in the flowchart of Figure. 
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Fig.1. Flowchart showing the computer code. 
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3. Results and discussion 

Calculations were made for lead-tin alloy with Sn-

5wt%Pb, Sn-15wt%Pb, Sn-20wt%Pb and Sn-25wt%Pb. The 

thermo-physical properties of these alloys are reported in 

Table 1. 

 

 
Sn-

5wt.%Pb  

Sn-

15wt.%

Pb  

Sn-

20wt.%

Pb   

Sn-

25wt.%P

b   
Ks W m°K −1  65 62.2 60.5 58.9 

Kl W m°K −1  32.8 32.5 32.3 32.3 

cps J kg°K −1  216 207.3 202.8 198.2 

cpl J kg°K −1  253 240.9 234.8 228.8 

ρs kg m−3  7502 7906 8108 8310 

ρl kg m−3  7183 7551.7 7735.6 7919.5 

L  (J kg−1) 58985 55534 53809 52083.8 

TL °C  220 210 206 200 

TE °C  183 183 183 183 

Tf °C  232 232 232 232 

k 0.0656 0.0656 0.0656 0.0656 

 

 

The cooling curves obtained for the four compositions 

used in the solidification of these alloys are shown in 

Figure 2. These curves are plotted at (30 x 30) mm and 

compared with experimental curves [29]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure2. Variation of the temperature as a function of 

cooling time for the Sn-Pb alloy. 
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Figure 3.  Temperature fields at selected instants during 

the solidification for the four used compositions: 

(a) T=50 s, (b)=100 s, (c)=150s. 

 

Regarding the lead-antimony alloy, calculations were 

performed for three compositions Pb-0,3wt%Sb, Pb0.85 

wt % Sb and Pb-1.9 wt % Sb where the thermo-physical 

data are presented in Table 2. 

The authors obtained the curves shown in Figure 4. These 

curves are in good agreement with the experimental curves 

[3]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Variation of the temperature as a function of 

cooling time for the Pb-Sb alloy. 

 

 

 
Pb-

0,3wt.%Sb 

Pb-

0.85wt.%Sb  

Pb-

1.9wt.%Sb  

Ks W m°K −1  33.0 32.9 32.8 

Kl W m°K −1  29.7 29.6 29.5 

cps J kg°K −1  130 130.5 131.3 

cpl J kg°K −1  138.5 139 140.1 

ρs kgm−3  11326 11300 11251.5 

ρl kgm−3  10665 10642 10598.3 

L  (Jkg−1) 26615 27368 28804.1 

TL °C  326.6 325.2 322 

TE °C  251.7 251.7 251.7 

Tf °C  327.4 327.4 327.4 

k 0.3125 0.3125 0.3125 

(Ref. 3) 
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Figure 5. Temperature fields at selected instants during the 

solidification for the three used compositions: 

(a) T=50 s, (b)=100 s, (c)=150s. 
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4. Conclusion 

The solidification modeling, including the study of heat 

transfer in solidified metal, allows us to obtain certain 

information concerning the evolution of thermal field in a 

cast during its growth over a time. 

In contrast to classical solidification model used to 

calculate the temperature variation during the cooling time, 

the presented two-dimensional model includes the latent 

heat term in the heat transfer equation like other works in 

this field of research, but the equation is solved by using 

finite volume method which is based on approximations of 

integrals. 

The model obtained from this study is applied to 

different alloys at various compositions: Tin-Lead (Sn-5 wt 

% Pb, Sn-15 wt % Pb, Sn-20 wt % Pb, Sn-25 wt % Pb,) and 

Antimony-Lead (Pb-0,3 wt % Sb, Pb-0,85 wt % Sb and Pb-

1,9 wt % Sb). 

The obtained curves for the variation of temperature 

versus time cooling are in good agreement with the 

experimental curves presented by the authors cited above. 
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